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$1. INTRODUCTION 
IF K IS A field and V a finite dimensional vector space over K, then the dual of V is V* = 
Horn,,, V, K) and there is a canonical isomorphism of V onto Y**. This is the most familiar 
example of duality in algebra and it has been generalized in various directions. 
One such generalization is due to Lefschetz and Chevalley [6, Chapter 21 and consists 
in replacing the finite dimensional vector space V by a linearly topologized vector space of 
arbitrary dimension. The dual of Vis still V* = Hom,(V, K), but ‘Horn’ now denotes the 
set of all confinuour homomorphisms, and is topologized in a suitable way. It is shown in 
[6] that if V is discrete, then V* is linearly compact; if V is linearly compact, then V* is 
discrete; and in either case the canonical map of V onto its bidual V** is a topological 
isomorphism. 
Another generalization, due to Matlis [9] and including earlier theories due to Grobner, 
Macaulay and others [2], consists in replacing the field K by a complete local ring A. The 
dual A* of A is then the injective envelope of the residue field of A, and if M is an A-module 
then the dual of M is M* = Hom,(M, A*). Matlis shows that if A4 is Noetherian, then M* 
is Artinian (i.e. satisfies the descending chain condition on submodules); if M is Artinian, 
then M* is Noetherian; and in either case the canonical map M + M** is an isomorphism. 
The purpose of this paper is to develop a duality theory for linearly topologized 
modules over a complete local ring, which embraces the two theories just described. This 
has been done in the case of a complete discrete valuation ring by Kaplansky [5] and in 
more detail by Leptin 181, and our exposition is based to a considerable xtent on that of 
Leptin. In paragraphs 2, 3 and 4 we have summarized the basic definitions and results on 
linearly topologized and linearly compact modules over a commutative topological ring. 
This has been done purely for convenience of reference and contains little or nothing new. 
In $5 we study the category of linearly compact modules over a (not necessarily complete) 
local ring and show that this category is abelian and has ‘enough’ projective objects. $6 
introduces linearly discrete modules over a local ring; these are to be considered as the 
duals of the linearly compact modules. From $7 onwards we restrict our attention to 
modules over a complete local ring A : $8 is devoted to a study of the module Hom,(M, N), 
where M and N are linearly topologized Hausdorff A-modules and Horn denotes the con- 
tinuous homomorphisms, and in 99 the duality theory is developed. The main results of 
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the paper are (9.12), which gives necessary and sufficient conditions for an A-module to be 
topologically isomorphic to its bidual, and (9.13) which establishes the duality between 
linearly discrete and linearly compact A-modules. 
All rings considered in this paper are commutative and have an identity element, and 
all modules are unital. The composition of mappings f : M + N, g : N -+ P is written as f o g, 
not g 0 f. We deviate from standard terminology in one respect: if X, Y are topological 
spaces, f: X + Y a mapping, then f is said to be open if the image of an open set of X is an 
open set of f(X) (but not necessarily an open set of Y). 
$2. LINEARLY TOPOLOGIZED MODULES OVER A TOPOLOGICAL RING 
2.1 
Let A be a topological ring, M a topological A-module. A nucleus of M is a neighbour- 
hood of the zero element of M, and a nuclear base of M is a base for the nuclei of M. If N 
is a submodule of M which contains a nucleus then N is open (and therefore closed) in M, 
and M/N is discrete. M is Hausdorff if and only if the intersection of all the nuclei of M 
is 0. 
M is said to be linearly topologized if M has a nuclear base &Z consisting of submodules 
(for example, a discrete topological A-module is linearly topologized). The elements of d 
are open submodules of M, and J satisfies the following conditions: 
(2.1.1) Given Ni and NZ in ,fl there is an N3 in J? such that N, c Ni n N2 ; 
(2.1.2) Given x E M and N E 4 there is a nucleus U of A such that Ux s N. 
Conversely, if M is an A-module (not topologized) and JZ is a family of submodules 
of M, then J? is a nuclear base of a linear topology on M provided (2.1.1) and (2.1.2) are 
satisfied, and the topology of M is then uniquely determined. 
2.2 Submodules and quotient modules 
If M is a linearly topologized A-module, N a submodule of M, then N (with the induced 
topology) and M/N (with the quotient topology) are linearly topologized A-modules. M/N 
is Hausdorff if and only if N is closed in M. 
2.3 Direct product 
If {Mi)i,r is a family .of linearly topologized A-modules then M = n Mi (with the 
id 
product topology) is a linearly topologized A-module. The submodules lIUi, where for 
each i E I Ui is an open submodule of Mi and Ui = Mi for almost all i, form a nuclear base 
of M. If each M, is Hausdorff, so is M. 
If L is a linearly topologized A-module and, for each index i, Ui : L -t Mj is a continuous 
homomorphism, then there is a unique continuous homomorphism ; : L - M such that 
~~=u.p,foreachi~I,wherep,:M + Mi is the projection. Thus we have an A-module 
lsomorphism 
a : D Hom,(L, Mi) --f Horn, (LJ-J”i) 
(where Horn denotes the continuous A-module homomorphisms). 
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2.4 Inverse limit 
If (Mi, ~ii> is an inverse system of linearly topologized A-modules M,, indexed 
by a directed set I, and continuous homomorphisms ‘pii: M, + Mj (i < j) then 
M = l@ Mi is a submodule of IIMi. We give A4 the induced topology so that M becomes 
a linearly topologized A-module. If each Mi is Hausdorff, then so is M, and M is closed in 
IIMi. The projections cpi : M + Mi are continuous homomorphisms. 
If L is a linearly topologized A-module and, for each index i, ui : L + Mi is a continuous 
homomorphism such that uj O Cpij = ui whenever i < j, then there is a unique continuous 
homomorphism u : L-+M such that Ui = u 0 ‘pi for all i E I. Thus we have an A-module 
isomorphism 
p : I@ Hom,(L, MJ + Hom,+(Lp I$ MJ. 
2.5 Direct sum 
Let {Mi}i,r be a family of linearly topologized A-modules, M = @ Mi their direct 
isl 
sum. Let A be the family of all submodules 6 Vi of M, where Vi is an open submodule 
id 
of Mi for each i E I. A satisfies the criteria (2.1.1) and (2.1.2) and therefore defines a linear 
topology on M; this topology is the finest linear topology on M for which the injections 
qi : Mi+M are continuous. If each Mi is Hausdorff, so is M. 
If Nis a linearly topologized A-module and, for each index i, Ui : Mi --f N is a continuous 
homomorphism, then there is a unique continuous homomorphism u : M + N such that 
ui = qi d u for each i E: I. Hence we have an A-module isomorphism 
y : n Hom,(Mi, N) + Horn, 
id 
(2 MiTN). 
There is a canonical monomorphism p : ~ Mi -+ ll Mi (the ‘sum-to-product map’) which is 
continuous, but not necessarily open if the index set I is infinite. If I is finite then ~1 is a 
topological isomorphism, so that there is no distinction between finite direct sums and finite 
direct products; and in any case p(@MJ is dense in nMi. 
2.6 Direct limit 
Let {Mi, $,} be a direct system of linearly topologized A-modules Mi, indexed by a 
directed set I, and continuous homomorphisms ~ij : Mi + Mj (i ,< j). The direct limit 
M = 15 Mi is a quotient module of @ Mi, and we give it the quotient topology, so that 
ial 
it becomes a linearly topologized A-module. If all the Mi are Hausdorff, M will not neces- 
sarily be Hausdorff. The canonical mappings of It/i : Mi + M are continuous homomorphisms. 
If N is a linearly topologized A-module and, for each index i, Ui : Mi + N is a continuous 
homomorphism such that ui = ~ij t uj whenever i < j, then there is a unique continuous 
homomorphism u : M -_) N such that ui = Ii/i O U. Hence we have an A-module isomorphism 
S : It” Hom,(Mi, N) + Hom,(liy Mi, N). 
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2.7 Tensor product 
Let M, N be linearly topologized A-modules, M 0 N their tensor product. The family 
of submodules im(u @ N) + im(M 8 P), as u runs through the open submodules of M 
and u runs through the open submodules of N, satisfies (2.1.1) and (2.1.2) and hence defines 
a linear topology on M @ N. 
The tensor product, topologized in this way, has the usual associativity properties. 
If M’, N’ are linearly topologized A-modules and f : M -+ M’ and g : N --f N’ are conti- 
nuous homomorphisms, then .f @ g : M @ N + M’ @ N’ is a continuous homomorphism. 
2.8 
Let {Mi}i,r and N be linearly topologized A-modules. Then the canonical map 
is a topological isomorphism. 
2.9 
Let {Mi)i,r be a direct system of linearly topologized A-modules and continuous 
homomorphisms, and let N be a linearly topologized A-module. Then the canonical map 
(l&r MJ @ N + l$r(Mj @ N) 
is a topological isomorphism. 
2.10 
Let M be a linearly topologized A-module, ,K a nuclear base of M consisting of 
submodules. Then the canonical homomorphisms M + M/U (UE 4) induce by (2.4) a 
homomorphism 
q:M+M=@M/U. 
ye is continuous and open, and q(M) is dense in M. If M is Hausdorff, q is a monomorphism. 
93. LINEARLY COMPACT MODULES 
3.1 
Let A be a topological ring. From now on we shall have to deal exclusively with Hausdorff 
linearly topologized A-modules, and henceforth ‘A-module’ shall mean ‘Hausdorff linearly 
topologized A-module’. An A-module M is lineurly compact if M has the following property : 
if 9 is a family of closed cosets (i.e. cosets of closed submodules) in M which has the finite 
intersection property, then the cosets in 9 have a non-empty intersection. 
3.2 
If M is an A-module, N a linearly compact submodule of M, then N is closed in M. 
[6, p. 78, (27.5)]. 
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3.3 
If M is a linearly compact A-module, N a closed submodule of M, then N is linearly 
compact [6, p. 78, (27.3)]. 
3.4 
If M, N are A-modules, M linearly compact, .f: M + N a continuous homomorphism, 
then f(M) is linearly compact [l 1, Prop. 21 and hence ,fis a closed map by (3.2) and (3.3). 
3.5 
If M is an A-module, N a closed submodule of M, then M is linearly compact if and 
only if N and M/N are linearly compact [ 11, Prop. 93. 
3.6 
If {MijiGl is a family of linearly compact A-modules, then n Mi is linearly compact 
[6, p. 78, (27.2)J. 
id 
3.7 
The inverse limit of a family of linearly compact A-modules and continuous homo- 
morphisms is linearly compact (by(2.4), (3.6) and (3.3)). 
3.8 _ 
If M is an A-module, N,, . . . , N, linearly compact submodules of M, then Nl + . . . + N, 
is linearly compact. For 
N=&Ni=fiNi 
i=l i=l 
is linearly compact by (3.6), and by (2.5) the embeddings Ni + M induce a continuous homo- 
morphism N -_) M, whose image is CN,. Hence ZNi is a continuous homomorphic image of 
a linearly compact module, hence is linearly compact by (3.4). 
3.9 
If AI is an A-module, N a closed submodule of M, P a linearly compact submodule of 
M. then N + P is a closed submodule of M. 
ProojI Let x E M, x g4 N + P and let .A be a nuclear base of M consisting of submodules. 
_X + .V does not meet P, and x + N= n (x + N + U) since N is closed. Hence the sets 
US..41 
(S + A’ + U) n I’. C: E A. are closed cosets in P with empty intersection. Since P is 
Iinearlb compact it follows that there exist a finite number of qbmodules U,, . . . , U, in .A! 
such that h (X + N + Vi) does not meet P; hence x + N + h Ui does not meet P, i.e. 
i= 1 is1 
s + 0 Ui do-s not meet N + P. Hence N + P is closed. 
3.10 
If .\I is an A-module which satisfies the descending chain condition on closed sub- 
modules. then Aii is linearly compact and discrete. Thus the only linear topology that an 
Artinian A-module can carry is the discrete topology. 
T D D 
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Proof. That M is linearly compact is proved in [l 1, Prop: 51. Let ,N be a nuclear 
base of M consisting of submodules. Since M is Hausdorff, f7 CT = (0); hence if(O) $ A! 
tiE.N 
we should have an infinite strictly descending chain of open submodules; since an open 
submodule is closed, we have a contradiction, hence the zero submodule of M is open and 
consequently M is discrete. 
3.11 
Let M be a linearly compact A-module. Then the map r] : M+ rii of (2.10) is a topological 
isomorphism. For q(M) is linearly compact by (3.4), hence closed in ti by (3.2); hence as 
q(M) is dense in A, q is epimorphic. Since M is Hausdorff, q is monomorphic and hence 
(since q is continuous and open) a topological isomorphism. 
3.12 
Let M, N be A-modules, M linearly compact, f : M+N a continuous homomorphism. 
Let 9 be a family of closed cosets in M such that for each pair F, G in g there is an 
H in 9 such that H c F n G. Then 
f@) = rQf(F) [7, Sat2 11. 
3.13 
Let M be a linearly compact A-module, N a closed submodule of M, {Pi} a family of 
closed submodules of M such that for each pair Pi, Pi there is a Pk s Pi n Pi. Then 
n (N + Pi) = N + n Pi 
i 1 
This follows by applying (3.12) to the canonical homomorphism M+M/N. 
3.14 
Let M be a linearly compact A-module, a a finitely generated ideal of A. Then for each 
positive integer n, a”M is a closed submodule of M. 
Proof. Let-a,, . . . , a, be a basis of a. Each a,M is a continuous homomorphic image 
of M, hence linearly compact by (3.4). If follows that aM = c aiM is linearly compact, 
by (3.8). By induction, a”M is linearly compact for all positive integers n, hence is closed in 
M by (3.2). 
3.15 
If M and a are as in (3.14) and N = fi a”M, then N = aN. 
n=l 
Proof. Let al, . . . , a, b”o a basis of a, as before. Let M’ denote the direct sum of r 
copies of M and define f : M’+M by f (x,, . . . , x,) = alxi + . . . + a,x,. f is a continuous 
homomorphism. We have n a”M’ = N’, hence 
n 
r(n a”M’) =f(N’) = aN; 
also f (a”M’) = a “+lM, hence n ;(anMr) = N. Since M 
by (3.6); hence we can apply (3.;2), which gives the result. 
is linearly compact, so is M’ 
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$4. STRICTLY LINEARLY COMPACT MODULES 
Every continuous homomorphism of a compact topological group is an open mapping. 
The analogous statement for linearly compact topological modules is false: for example, 
if A is a complete local ring, let A, denote A with the discrete topology, and let A, denote A 
with the topology defined by the powers of the maximal ideal; then A, is linearly compact 
and A, is a linearly compact A,-module, and the identity map A, -+A, is continuous but not 
open (Zelinsky[ll]). Following Leptin [7, p. 2461 we say that an A-module M is szricflJ. 
linearly coqmt if A4 is linearly compact and every continuous homomorphism of M is an 
open mapping. 
4.1 
Let M be a linearly compact A-module, &’ a nuclear base of M consisting of submodules. 
Then M is strictly linearly compact if and only if M/U is Artinian for each iJ E A. 
Proqfi This is part of Satz 4 of [7]. The following is a slightly more direct proof than 
that given by Leptin. 
Suppose M is strictly linearly compact and U is an open submodule of M. Then 
M’ = M/U is strictly linearly compact and discrete. Let U, 1 U, I . . . be a strictly de- 
creasing chain of submodules of M’, and let N = nUi. The UJN define a linear topology 
on M’/N; let (M/N), denote M’/N with this topology. Then the canonical map M’+ (M’/N), 
is a continuous homomorphism, hence open; consequently (M’/N), is discrete, hence 
Ui = N for some i. Consequently the chain U, 2 U, 2 . . . is finite and therefore M 
is Artinian. 
Conversely suppose that M is linearly compact and that each M/U (U E A) is Artinian. 
Let N be any A-module, f : M+ N a continuous epimorphism, K the kernel off. Let u be an 
open submodule of M. We have f (U) = f (U + K) and U + K is open, hence we may assume 
U z K. Let I/ = f(u). Since U is open it is closed, hence Y is closed by (3.4) and therefore f
induces an isomorphism M/U + N/V. M/U is Artinian, hence N/V is Artinian, and there- 
fore discrete by (3.10), so that V is open in N and hence f is an open map. 
4.2 
Let M be an A-module. Then M is Artinian if and only if M is strictly linearly corn- 
pact and discrete. For if M is Artinian, M is discrete and linearly compact by (3.10), hence 
has a nuclear base consisting of (0) alone. By (4.1), M is strictly linearly compact. The 
converse is the first part of the proof of (4.1). 
4.3 
If M is a strictly linearly compact A-module and N is a closed submodule of M, then N 
is strictly linearly compact. For if U is an open submodule of M, N n U is an open submodule 
of N, and N/N n U g (N + U)/U c M/U. Hence N/N n U is Artinian by (4.1). It 
follows that N is strictly linearly compact by (4.1) and (3.3). 
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4.4 
If M. N are A-modules. M strictly linearly compact. f : M+N a continuous homomor- 
phism, then .f(M) is strictly linearly compact. For if f’(M) = M’ and if g : ici’+ N’ is a 
continuous homomorphism. where N’ is any A-module, then f andf‘ o g are open mappings. 
hence g is open. M’ is linearly compact by (3.4). hence is strictly linearly compact. 
4.5 
Let {Miii,, be a family of strictly linearly compact A-modules. Then M = n Mi is 
is1 
strictly linearly compact. For ill is linearly compact by (3.6); and the products U = n Ui, 
iEI 
where Ui is an open submodule of Mi for each i E I and Ui = M, for almost all i, form a 
nuclear base of M. We have M/U g n (Mi/C’i), and this is a j?finire product of Artinian 
ii1 
A-modules (by (4. I)), hence is Artinian. Hence by (4.1) M is strictly linearly compact. 
4.6 
The inverse limit of a family of strictly linearly compact A-modules and continuous 
homomorphisms is strictly linearly compact. For l$n Mi is a closed submodule of TIM, 
by (2.4) hence is strictly linearly compact by (4.5) and (4.3). 
4.7 
Let M be an A-module. Then M is strictly linearly compact if and only if M is an 
inverse limit of Artinian A-modules. For if M is strictly linearly compact, we have M = 
IF M/U by (3. I I), as U runs through a nuclear base of M, and each Ml U is Artinian by (4. I). 
The converse follows from (4.2) and (4.6). 
4.8 
The category %’ of strictly linearly compact A-modules and continuous homomorphisms 
is an abelian category satisfying Grothendieck’s axiom AB5*) [3, p:129]. 
Proof: Clearly % is additive. lff : &I -+ N is a continuous homomorphism and M, N E y;, 
then kerf’is closed in M. hence by (4.3) is in %-: f(M) is closed in Nby (3.4), hence cokerf = 
N,‘f’( M) is in ‘6 by (4.4). Also the induced morphism f : coinif‘+ imJ i.e. M/kerf’-+f(M);is 
a topological isomorphism since j’ is an open map. Hence %’ is abelian. Since the product 
of strictly linearly compact modules is strictly linearly compact (4.5) V satisfies AB3*). 
Finally (3.13) shows that % satisfies AB5*). 
$5. LINEARLY COMPACT MODULES OVER .4 LOCAL RING 
Let A be a Noetherian local ring, III its maximal ideal. k = A/m its residue field. 
We give ,4 the nt-adic topology, then A is a Hausdorff topological ring. Let a = IiF A/m” 
denote the completion of .~t : /f is a complete Noetherian local ring, and its topology is the 
In-adic topology. If N is a closed A-submodule of a. then N is an ideal of a. For if a^ E A^ 
and s E .V. then for each positive integer II there is an element n, of A such that ci - a, E m”A; 
hence ds = U,.Y + (ri - U.)S E N + ur”A, so that dr E n (N + inna) = N. Furthermore, 
” 
all ideals of a are closed in A. 
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Let M be an A-module (linearly topologized and Hausdorff, as usual). If each element 
of h4 is annihilated by a power of m, we say that M is m-printnr_r. M can then be made into 
an A-module as follows [ 10, Prop: 21: if rE E A and x E M, let (a,) be a Cauchy sequence in 
A whose limit is d; since &X = 0 for some positive integer k, it follows that o,,x is constant 
for all large II, and we define Bx to be this constant value. 
The injective envelope of the residue field k will play an important part from now on, 
and we shall denote it by A*. It has the following properties [see 91: 
5.1 
A* is an Artinian m-primary A-module, hence is an A-module. and as such its lattice of 
a-submodules is identical with its lattice of A-submodules. From (3.10) the only linear 
topology that A* can carry is the discrete topology. Since A* is m-primary, condition 
(2.1.2) is satisfied and therefore A* (with the discrete topology) is a linearly topologized 
A-module. 
If M is an A-module and every submodule of M is closed we say that M is smi-discrete. 
5.2 
Let K be a field and M a linearly compact semi-discrete k’-module. Then M is finite 
dimensional [6, p. 78. (27.7)]. 
5.3 
Let M be a linearly compact semi-discrete m-primary A-module. Then M is Artinian. 
Proof. Let N be the annihilator of m in M. N is closed in M, hence is linearly compact. 
Since ntN = 0, N is a k-module and as such is still semi-discrete and linearly compact, 
hence is finite dimensional by (5.2). Let S be the sum of all the simple submodules of M. 
Since every simple A-module is isomorphic to k, we have mS = 0, so that S G N and 
therefore S is a finite dimensional k-module, hence is isomorphic qua A-module to a finite 
direct sum of copies of k, say S E k’. 
Let x E M, x + 0. Since M is m-primary we have 111"~ = 0 for some n > 0, hence 
As is an A-module of finite length. It follows that AX has a simple submodule, hence 
Ax- n S 2 0. Thus M is an essential extension of S, hence M is contained in the injective 
envelope E(S) of S: but E(S) E E(k’) 2 E(k)’ = A*‘, hence M is a submodule of A*‘, 
hence is Artinian by (5.1). 
5.4 
Let M be a discrete A-module. Then M is semi-discrete and m-primary. 
Proqf: It is clear that M is semi-discrete. Let x E M, x + 0. (0) is open in M. hence 
there is a nucleus U of A such that Ux = 0; U 2 nt” for some n, hence m”x = 0. 
5.5 
Let M be an A-module. Then the following statements are equivalent: (a) M is 
linearly compact; (b) M is an inverse limit of Artinian A-modules; (c) M is strictly linearly 
compact. 
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Proof. (a) * (b). Let m be a nuclear base of M consisting of submodules. By (3.11) 
M = lim M/V; M/V is discrete and linearly compact, hence Artinian by (5.4) and (5.3). 
&I 
Hence M is an inverse limit of Artinian A-modules. 
(b) * (a). An Artinian A-module is linearly compact by (3.10), hence M is an inverse 
limit of linearly compact A-modules. hence is linearly compact by (3.7). 
(b) * (c) by (4.7). 
If M is an A-module, a character of M is a continuous homomorphism of M into A*. 
5.6 
Let M be an A-module. Then M has enough characters, i.e. given any x + 0 in M 
there is a character u of M such that u(x) + 0. 
Proof. Since M is Hausdorff, M has an open submodule V which does not contain x. 
Let X be the image of x in M/V. X + 0, hence the annihilator of Z in A is contained in tn. 
Thus we have a homomorphism AX + A/m = k, in which the image of ,F is the unit of k. 
Since k c A* we have a homomorphism AT + A*, and since A* is injective this homomor- 
phism extends to a homomorphism ti : M/V -+ A*. ti is continuous since M/U is discrete. 
Composing fi with the canonical map M + M/V we get a character u : M 4 A*, and U(X)= 
ti(Z) * 0. 
5.7 
Let M be an A-module, u : M + A* a homomorphism. Then the following statements 
are equivalent: 
(a) u is continuous; (b) ker u is open; (c) ker u is closed. 
Proof. (a) o (b) since A* is discrete. 
(b) * (c) since an open submodule is closed. 
(c) * (b): u induces an (algebraic) isomorphism of M/ker u onto a submodule of A*. 
Since ker u is closed, M/ker u is a Hausdorff A-module and is Artinian, hence discrete by 
(3.10), hence ker I( is open. 
5.8 
Let M be an A-module. Then M is semi-discrete if and only if every homomorphism 
of M into A* is continuous. 
Proof. If M is semi discrete and u : M + A* is a homomorphism, then ker u is closed, 
hence II is continur us by (5.7). Conversely, let N be a submodule of M, N + M. Let 
x E M, x $ N and let K be the image of x in M/N. X + 0, hence by (5.6) there is a homo- 
morphism ti, ! M/N + A* such that G,(Z) + 0. Hence we have a character U, of M such that 
11,(x) + 0 and u,(N) = 0. Consequently N = (7 ker uX, hence N is closed. 
x4N 
Let %’ be the category of linearly compact A-modules and continuous homomorphisms. 
Ey (4.8) and (5.5) % is an abelian category satisfying Grothendieck’s axiom AB5*), and 
(5.6) shows that A* is a cogenerator of V. Also A* is an injective object of V: more generally 
we have 
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5.9 
Let M be an A-module, N a closed submodule of M. Then every character of N can 
be extended to a character of M. 
Proof. Let IA be a character of N. Then M has an open submodule U such that U n N E 
ker u, since ker u is open in N by (5.7) u induces zi : N/N n U --, A*; N/N n V E (N + U)/U, 
hence as A* is injective (in the category of all (non-topological) A-modules) fi can be ex- 
tended to a homomorphism fi: M/V + A*. B is continuous since M/U is discrete, hence6 gives 
rise to a character u : M --f A*, and u extends u. 
Hence by [3, Prop. 1.9.11 
5.10 
Every linearly compact A-module is topologically isomorphic to a closed submodule 
of a direct product of copies of A*. 
Since the theory of essential extensions and injective envelopes is valid in any abelian 
category which satisfies AB5) and has a generator (see Gabriel [2]) it follows that the dual 
of this theory is valid in V. The essential features are as follows: 
Let M be a linearly compact A-module. A covering of M is a continuous epimorphism 
f: Q + M where Q is a linearly compact A-module. f is an essential covering of M if for 
every proper closed submodule N of Q we have N + ker f c Q. 
5.11 
(a) M has a maximal essential covering E : P + M, i.e. if p : Q -+ Mis any essential cover- 
ing of M then there B a continuous homomorphism cp :P + Q such that E = cp O p. 
(b) P is unique up to isomorphism, i.e. ifs,, : PO + M is another maximal essential cover 
ing of M then we have a topological isomorphism a : P + PO such that E = a O so. 
(c) P is a projective object of V, and E : P + M is the smallest projective covering of M, 
i.e. if p : Q + M is a continuous epimorphism and Q is a projective object of W, then there 
a continuous homomorphism I/ : Q + P such that p = + O E. 
P is the projective envelope of M. 
5.12 
Let P be a linearly compact A-module. Then P is a projective object of % if and only if 
for every quotient module M of A* and every continuous homomorphism P + M there is 
continuous homomorphism P + A* such that the diagram 
A*+M-tO 
is commutative. (This is the dual of [3, p. 136, Lemma l] applied to V), 
5.13 
The projective envelope of k in V is A. 
Proof. A is linearly compact, for it is the inverse limit of the Artinian modules A/m”. 
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A^ + k is an essential covering of k. For suppose N is a closed A-SubmoduleofAand 
N + in = a. Since N is closed it is an ideal of A; since 1% is the unique maximal ideal of A 
we must have N = A. 
A is a projective object of %‘. We use (5.12). If M is a quotient module of A*, M is an 
&module by (5.1). Let f : A -+ M be any continuous A-homomorphism. Then f is an a- 
homomorphism, for if f (1) = m E A4 and 2 E d, let (x,) be a Cauchy sequence in A whose 
limit is 9, then f (x,) = xp for all II, and .tm = .y,nz for all sufficiently large n. Hence 





is therefore a diagram of A-modules and A-homomorphisms. f can therefore be lifted to 
an A-homomorphism g : a -+ A*. d/ker g is Artinian, hence ker g 2 rit” for some II, hence 
ker g is open and therefore g is continuous. Hence by (5.12) A’ is a projective object of %. 
(5.13) now follows from (5.11). 
$6. LINEARLY DISCRETE MODULES OVER A LOCAL RING 
Let A, m, k have the same meanings as in $5. An A-module M is linearly discrete if 
every m-primary quotient of M is discrete. 
6.1 
Let M be an A-module. Then M is discrete if and only if M is linearly discrete and 
m-primary. For if M is discrete, M is clearly linearly discrete and is m-primary by (5.4); 
the converse is obvious. 
6.2 
If M is a linearly discrete A-module, then every homomorphism M + A* is continuous 
(and hence M is semi-discrete by (5.8)). For if u : M + A* is a homomorphism, then M/ker I( 
is (algebraically) isomorphic to a submodule of A *, hence is m-primary by (5.1). Conse- 
quently M/leer u is discrete, hence ker u is open, hence u is continuous by (5.7). 
6.3 
If M is a linearly discrete A-module and N a submodule of M, then M/N is a linearly 
discrete A-module. For by (6 2) M is semi-discrete, hence N is closed in M and therefore 
M/N is Hausdorff, i.e. is an A-module. That M/N is linearly discrete is clear from the 
definition. 
6.4 
A is linearly discrete qua A-module. For if A/a is 
then (1 + n)/a is annihilated by say in”, i.e. in” c a. 
is discrete. 
m-primary, where a is an ideal of A, 
Hence a is an open ideal. hence A/a 
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6.5 
If M, N are A-modules, M linearly discrete, f: M --f Nan open continuous homomor- 
phism, then f (M) is linearly discrete. For f(M) is topologically isomorphic to M/ker f, 
which is linearly discrete by (6.3). 
6.6 
If {MijiEI is a family of linearly discrete A-modules, then @ Mi is linearly discrete. 
id 
For let N be a submodule of M = OMi such that M/N is m-primary. Then M;/Mi n N 
= (Mi + N)/N is m-primary, hence Mi n N is open in Mi, hence @(Mi A N) is an open 
submodule of M. But N 2 s(Mi n N), hence N is open in M, consequently M/N is 
discrete. 
6.7 
The direct limit of a direct system of linearly discrete A-modules and continuous 
homomorphisms is linearly discrete. This follows from (6.6) and (6.3). 
6.8 
Let M, N be A-modules, f : M -+ N an epimorphism. Then if M is linearly discrete, 
f is continuous. If N is linearly discrete, f is open. 
Proof. Suppose M is linearly discrete. Let I/ be an open submodule of N, U = .f- ‘(I’); 
f induces an (algebraic) isomorphism M/U + N/V. N/ V is discrete, hence m-primary by 
(5.4). Hence M/U is m-primary, hence discrete, so that U is open and consequently f is 
continuous. 
Suppose on the other hand that N is linearly discrete. Let U be an open submodule 
of M, V = f(U). Then f induces an epimorphism Ml U + NIV; M/U is discrete and therefore 
m-primary by (5.4) consequently N/V is m-primary, hence discrete and so V is open ; f is 
therefore an open map. 
07. In-SEPARATED MODULES OVER A COMPLETE LOCAL RING 
Henceforth A shall be a complete Noetherian local ring, tn its maximal ideal, k = A/m 
its residue field. We give A the in-adic topology; by (5.5) A is linearly compact qua A- 
module, since A = hm A/m” and each A/m” is Artinian. If M is an A-module, which is 
Hausdorff in the rn-adic topology, i.e. such that nm”M = 0, we say that M is m-separated. 
7.1 
Let M, N be A-modules, M linearly compact and m-separated, f : M -+ N a continuous 
homomorphism. Then f (M) is linearly compact and m-separated. 
ProoJ f(M) is linearly compact by (3.4); each m”M is a closed submodule of M by 
(3.14), and tn”f (M) = f (m”M), hence we have 
nnt”f(M) = nf(m”M) =f(nnt”M) by (3.12) =f(O) = 0. 
TE 
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7.2 
If M is Artinian and m-separated then M is of finite length. 
Proof. Since nm”M = 0, we must have m”M = 0 for some n >, 0, since M is Artinian. 
Let M* = Hom,(M, A*) be the A-module of all homomorphisms of M into A*. Since M 
is Artinian, M* is Noetherian (Matlis[9]) and m”M * = 0. Suppose M* is generated by 
Y,, *+. 9 yr. Then each Ay, is annihilated by m”, hence is of finite length, henceM * = 2 AY, 
is 1 
is of finite length. Hence by Matlis duality again M is of finite length. 
7.3 
Let M be an A-module. Then the following statements are equivalent: 
(a) M is Noetherian; (b) M is linearly compact, linearly discrete and m-separated; (c) M is 
linearly compact, semi-discrete and m-separated. 
Proof. 
(a) * (b): we have remarked above that A is linearly compact; also by (6.4) A is linearly 
discrete. Hence for each positive integer n, A” is linearly discrete and linearly compact, 
by (6.6) and (3.6) respectively. If M is a Noetherian A-module, we have a continuous 
epimorphism A” + M, which is an open map since A” is strictly linearly compact, by (5.5); 
hence M is linearly compact by (3.4) and linearly discrete by (6.5). Also nm”M = 0 by 
Cull’s theorem, hence M is m-separated. 
(b) =5 (c) follows from (6.2). 
(c) * (a): M/mM is a linearly compact semi-discrete k-module, hence is finite dimensional 
by (5.2). Let R be the intersection of all the maximal submodules Ni of M. We have a 
monomorphism M/R + @(M/N,); each M/N, is simple, hence is annihilated by tn, hence 
m(M/R) = 0, i.e. mM G R. It follows that M/R is a homomorphic image of M/mM, 
hence is a finite dimensional k-module, so that M/R g k” for some integer n > 0. 
M is an essential covering of M/R. For let N be a proper closed submodule of M; 
M/N + 0, hence by (5.6) there is a nonzero homomorphism M/N ---f A*. Let P/N be its 
kernel. Then P c M and M/P is Artinian (since A* is Artinian) and m-separated by (7.1) 
since M is m-separated; hence by (7.2) M/P is of finite length, and therefore has a simple 
quotient M/Q. Q is a maximal submodule of M; we have N 6 P < Q and R < Q, hence 
N + R < Q < M, and this shows that M is an essential covering of M/R. Hence by (5.11) 
M is a homomorphic image of the projective envelope T of M/R; since M/R E k”, T E A” 
by (5.13). Hence M is a homomorphic image of A”, and therefore is Noetherian. 
Remark. An alternative to the last part of the proof of (7.3) runs as follows: M/mM 
is finite dimensional, hence by [4, Prop. (7.2.9)] fi = I@ M/m”M is a Noetherian A- 
module: since nm”M = 0, M is isomorphic to a submodule of M, hence is Noetherian. 
7.4 
If M is Noetherian or Artinian then every homomorphism M + A* is continuous. 
If M is Noetherian, this follows from (7.3) and (5.8); if M is Artinian, from (3.10) and 
(5.8). 
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7.5 
Let M be an A-module. Then M is linearly discrete if and only if M is a direct limit of 
Noetherian A-modules. 
Proqf. Suppose M is linearly discrete and let {Ni} be the family of Noetherian sub- 
modules of M. We have an epimorphism E : ON, + M; each Ni is linearly discrete by (7.3), 
hence 6Ni is linearly discrete by (6.6), hence E is continuous and open by (6.8). It follows 
that E induces a topological isomorphism lim Ni + M, hence M is a direct limit of Noetherian 
* 
A-modules. 
Conversely a Noetherian A-module is linearly discrete by (7.3), and hence M is linearly 
discrete by (6.7). 
7.6 
Let M, N be linearly discrete A-modules. Then M @I N is linearly discrete. 
A 
For we can write M = lim Ml, N = li,m Nj where the M,, Nj are Noetherian, using 
(7.5); then M @I N = (I&I MT@ (15 Nj) is topologically isomorphic to 15 (Mi @ Ni> by 
. . 
(2.9), and each Mi @ Nj is Noetherian, SO that M @ N is a lim of Noethytian A-modules + 
and therefore linearly discrete by (7.5). 
7.7 
Let M be an A-module, N and N’ linearly compact submodules of M. Then 
nm”N + nm”N’ = nm”(N + N’). 
Proof. Let r be a positive integer, then for all n 2 r we have m”(N + N’) < m”N 
+ m”N’, hence n m”(N + N’) = n m”(N + N’) < n (m”N + m’N’); each m”N and 
nt’N’ is a closed kbmodule of N +“g’ by (3.14), and i”; N’ is linearly compact by (3.8), 
hence by (3.13) we have 
“0 (m”N + m’N’) = m’N’ + n m”N 
n 
and SO n II~“(N + N’) G n (~TK~N! + n m”N = n m’N’ + n m”N by (3.13) again. The 
n r n 
) 
I r n 
reverse inclusion is obvious. 
7.8 
Let M be an A-module, N and N’ linearly compact m-separated submodules of M. 
Then N + N’ and N n N’ are linearly compact and m-separated. 
For N + N’, this follows from (7.7) and (3.8); as to N n N’, since N and N’ are lin- 
early compact they are closed in M, hence N n N’ is closed in N, hence is linearly compact, 
and is clearly m-separated. 
C. HOfUM, NI 
8.1 
Let A be a complete local ring as in $7, M and N two A-modules, Hom,(M, N) the 
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set of all CO~~~~U~OU.S homomorphisms of M into N. Honl,(M, N) has an obvious A-module 
structure. 
Let X denote the set of all linearly compact m-separated submodules of A4 and _k‘ 
the set of all open submodules of N. If C E Y and VE A’, let v(C, Y) denote the set of all 
u E Honl,(M, N) such that I/(C) E V. v(C, V) is clearly a submodule of Ho,n,(M, N), 
and we show that the set of all \!(C’, v) as C runs through X and V runs through JY forms 
a nuclear base of a linear topology on Honz,(M, N). We have to verify (2.1 .I) and (2.1.2). 
Firstly if C, C’ E X and V, v’ E _‘/-, then v(C + C’, V n V’) c Y(C, V) n v(C’, V’): by (7.8) 
C + C’ E X and V n V’ E “t*, hence (?.l.l) is satisfied. Next, let u E Hom,(M, N) and let 
U = C n u-‘(V). C/U is linearly compact and m-separated by (7. I), and is discrete. hence is 
Artinian by (5.4). Consequently we have m”(C/U) = 0 for some n, that is m”C E u- ‘(l/), 
i.e. nt”U c $C, V). Hence t.2.1.2) is satisfied. Finally, Hom,(M, N) is Hausdorff, for if 
CE S and u E n v(C, V), then u(C) c V fcr all VE .M, thus u(C) = 0: hence if UE 
YE. I_’ 
cc.. “G”. l,(C, v, we have u(C) = 0 for every C E 2. Now if x E A4 then Ax E X by (7.3), 
hence’ U(S) = 0 for all x E M, hence u = 0. Consequently n n v(C, V) = 0. so that 
CEX VE.1’ 
Hom,(M, N) is Hausdorff. Hence Honl,(M, N) is a (Hausdorff, linearly topologized) 
A-module. 
8.2 
If M, M’and Nare A-modulesand II: M -+ M’, L‘: N -+ N’arecontinuous homomorphisms 
then the induced map Horn,(.M’, N) + Hom,,,(M, N’) is a continuous homomorphism. 
Proof. It is enough to show that 11’: Honz,(M’, IV) --+ Honr,(M, IV) and c* : Hom,(M, Iv) 
-+ Honz,(M, N’) are continuous. Let C E X, VE M; then it is easily seen that u*-‘(v(C,V)) 
= $u(C).V); u(C) is linearly compact and m-separated by (7.1), hence u* is continuous. 
Let V’ be an open submodule of N’. then we find that ~;‘(vv(C, V’)) = Y(C, r-‘(Y)), 
from which it follows that L’* is continuous. 
8.3 
Let M, N be A-modules, N’ a submodule of N. Then the injection I’ : N’+ IV induces a 
topological isomorphism i, of Holn,(M. N’) onto a submodule of Hom,(M, N). 
Proof. i, is continuous by (8.2) and is clearly a monomorphism. We have to verify 
that i, is open. Let C be a linearly compact m-separated submodule of M, V’ an open 
submodule of N’. Then there is an open submodule V of N such that V’ 2 v n N’, and 
we have i*(v(C. V’)) 1 v(C, V) n i,(Hon~,(M, N’)); for if u E v(C, V) n i,(How,(M, N’)) 
then u(C) E V and u(M) z N’, so that u(C) c V n N’ E V’, hence u E ic(v(C, V’)). 
Hence the image of a nucleus of Honz,(M, N’) is open in the image of Hom,(M, N’), so that 
i, is an open map. 
8.4 
Let {Ni) be a family of A-modules, M an A-module. Then the isomorphism 
C( : jJ Ho/TIA(M, Ni) + Horn, 
(My UNi) 
of (2.3) is a topological isomorphism. 
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Proof. A nucleus of n Hom,(M, Ni) is a product W = llv(C,., Vi) where each Ci is 
id 
a linearly compact m-separated submodule of M, and almost all Ci are zero; and each Vi 
is an open submodule of Ni, and Vi = iVi for almost all i. Let C = Xi; this is afinife 
sum, hence C is linearly compact and m-separated by (7.8). and we have a(W) 2 v(C, IIF’,). 
Consequently a is open. 
On the other hand if C is a linearly compact m-separated submodule of M then a 
nucleus of Hom,(M, IIN,) is of the form W’ = v(C, nVi), where the Vi are as before; 
we have z-‘(W’) = llv(C, V,), which shows that CL is continuous. 
8.5 
Let {Ni) be an inverse system of A-modules and continuous homomorphisms, JU an 
A-module. Then the isomorphism 
p : I@ Hort7,(M, Ni) + Ifont,(M, lii+n Ni) 
of (2.4) is a topological isomorphism. 
ProoJ We have a commutative diagram 
where i is the embedding and j, is induced by the embedding l$n iVi --f TINi. By (8.3)j, is 
a topological isomorphism into Hon?(M, TIN,); a is a topological isomorphism by (8.4) 
hence it follows that p is a topological isomorphism. 
8.6 
If M is semi-discrete then the topology of Horn,(M. N) coincides with that induced on 
it as a submodule of N”(where NM = fl N,, each N, being a copy of N). 
x:M 
Proof. Since M is semi-discrete very submodule of M is semi-discrete. Therefore if C 
is a linearly compact m-separated submodule of M. C is Noetherian by (7.3), and hence a 
nuclear sub-base of Hom(M, N) consists 
submodule of N. But this is precisely the 
submodule of X:“. 
8.7 
of all 1(x, v) where x E M and ?’ is an open 
topology induced on Hom(M, N) regarded as a 
Let {Mi) be a family of linearly discrete A-modules, N an A-module. Then the 
isomorphism 
of (2.5) is a topological isomorphism. 
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Proof. Since each Mi is linearly discrete, @Mi is linearly discrete by (6.6). Hence, 
from the proof of (8.6), if C’is a linearly compact m-separated submodule of @Mi, C has a 
finite basis. The homogeneous components of such a basis of C generate a direct sum 
@Ci 2 C, where for each index i, Ci is a Noetkerian submodule of Mi and Ci = 0 for 
almost all i. If Vis an open submodule of N then we calculate that ‘/ -‘(v(C, V)) z lJv(C,, V) 
and this shows that y is continuous. Conversely a nucleus of II Hom(M,, N) is of the 
form W = Ilv(C,, Vi) where for each i E Z, Ci is a Noetherian submodule of Mi and Vi is 
an open submodule of N, and for almost all i we have Ci = 0 and Vi = N. We have y(W) 
2 v(@Ci, nVi); @Ci is Noetherian, hence linearly compact and m-separated by (7.3), 
and n Vi is op:n since Vi = N for a!most all i E I. Hence y(W) contains a nucleus of 
Hom(OMi, N) and therefore y is an open map. 
8.8 
Let M, N be A-modules, M” a semi-discrete quotient of M. Then the canonical epi- 
morphism E : M-M” induces a topological isomorphism E* of Hom(M”, N) into Hom(M, N). 
Proof. E* is continuous by (8.2) and is clearly a monomorphism. We have to show that 
E* is open. Let C” be a linearly compact m-separated submodule of M”. Then C” is semi- 
discrete (since it is a submodule of M”), hence Noetherian by (7.3). Pick a finite basis of 
C” and choose counter-images in M of the basis elements. These generate a Noetherian 
submodule C of M, which by (7.3) is linearly compact and m-separated, and E(C) = C”. 
Let V be an open submodule of N. We have then 
E*(v(~, V)) 1 v(C, V) n im E* 
as is easily verified; hence &*(v(C”, V)) contains a nucleus of im E*, hence E* is an open 
map. 
8.9 
Let {Mi} be a direct system of linearly discrete A-modules and continuous homo- 
morphisms, N an A-module. Then the isomorphism 
6 : l$ HOm(Mi, N) -b Hom(l@ Mi, N) 
of (2.6) is a topological isomorphism. 
Proof. This follows from (8.7) and (8.8) in the same way that (8.5) follows from (8.3) 
and (8.4): we have a commutative diagram 
II Hom(Mi, N) 11, Ho~(@ Mi, N) 
it r&* 
lir ZfOm(Mi, N) + Hom(li3 hrli, N) . 
6 
8.10 
If Mis a linearly discrete A-module and N a linearly compact A-module then Hom,(M, N) 
is linearly compact. 
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Proof. By (8.6) we can identify Hom,(M, N) with a submodule Q of N”. Since N 
is linearly compact, so is NM by (3.6), hence it is enough to show that Q is closed in NM. 
Let ti = (u(x)],,~ be an element of NM, u 4 Q. Then t‘ is not homomorphic, for by (6.8) 
every homomorphism of M into N is continuous and therefore lies in Q. From this fact 
it is easy to construct a neighbourhood of t’ in NM which does not meet Q, since N is 
Hausdorff. It follows that Q is closed in NM and hence linearly compact. 
$9. DUALITY 
Let A be a complete local ring, m its maximal ideal, k = A/m, A* the injective envelope 
of I\. If M is any (linearly topologized, Hausdorff) A-module, then the dual of A4 is 
M* = Hom,(M, A*), the character-module of M, topologized as in (8.1). 
If S is any subset of M, So denotes the annihilator of S in M*, i.e. the set of all u E M* 
such that u(S) = 0. If T is any subset of M , * ‘T denotes the annihilator of T in.M*, i.e. 
the set of all x E M such that U(X) = 0 for all u E T. Clearly So is a submodule of M* and 
OT is a submodule of M. 
Since A* is discrete, a nuclear base of M* is formed by the submodules Co where C 
runs through the set of linearly compact m-separated submodules of M. 
9.1 
So is a closed submodule of M* and ‘T is a closed submodule of M. 
Proof. So = n (Ax)‘; Ax is Noetherian, hence linearly compact and m-separated 
xss 
by (7.3), hence (Ax)’ is open and therefore closed in M*. Hence So is closed in M*. 
OT = n ker u is likewise an intersection of closed submodules, hence is closed in M. 
us7 
9.2 
Let M be an A-module, N a closed submodule of M. Then 
(i) N * is topologically isomorphic to M*/N” ; 
(ii) (M/N)* is continuously isomorphic to No, and topologically isomorphic if M/N 
is semi-discrete. 
Proof. (i) Define p : M* --) N* by p(u) = u\N. By (5.9) p is an epimorphism, and clearly 
its kernel is No. We have to show that p is continuous and open. Let D be a linearly 
compact m-separated submodule of N, 0: its annihilator in N*, Do its annihilator in M*. 
Clearly Do = p-‘(Dy), hence p is continuous. Let C be a linearly compact m-separated 
submodule of M; then C n N is a linearly compact m-separated submodule of N, since N 
is closed in M. If (C n N): is its annihilator in N* then we have p(C”) = (C n N):. Hence 
p is an open map. 
(ii) The projection E : M + M/N induces E* : (M/N)* + M*, and clearly im E* = No. 
It follows from (8.3) that E* induces a continuous isomorphism (M/N)* -) No, which by 
(8.8) is a topological isomorphism if M/N is semi-discrete. 
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9.3 
If M is a semi-discrete A-module (in particular if M is linearly discrete) then M* is 
linearly compact. 
Proof. If M is linearly discrete, then M* is linearly compact by (8.10), since A*, being 
Artinian, is linearly compact. If M is semi-discrete the proof is analogous to that of (8.10): 
we can identify M* with a submodule Q of (A*)” and it is enough to show that Q is a closed 
submodule. This follows from the fact that if c E (A*)“, u 6 Q then L’ is not homomorphic, 
since by (5.8) every homomorphism z~ : M + A* is continuous, i.e. is in Q. 
9.4 
If M is discrete then M* is linearly compact and m-separated. If M is linearly compact 
and m-separated then M* is discrete. 
Proof. Suppose M discrete. Then M is m-primary by (5.4); hence if x E M, x + 0 
we have m”x = 0 for some n, hence nt”M* annihilates x. Hence nnt”M* annihilates every 
element of M, hence is 0. Hence M* is m-separated, and is linearly compact by (9.3). 
Suppose M is linearly compact and m-separated. Then MO = 0 is open in M*. hence 
M* is discrete. 
9.5 
Let M be an A-module. Each x IZ M defnes a homomorphism o(x) : M* + A* by 
the rule o(x)(u) = u(x). The kernel of o(x) is (Ax)‘, which is open in M* since Ax is 
linearly compact and m-separated, therefore o(x) is a character of M*. Hence we have a 
homomorphism 
w : M -+ M**. 
If w(x) = 0 then U(X) = 0 for all u E M*, hence x = 0 by (5.6) and consequently o is an 
(algebraic) monomorphism. We shall prove that w is an open isomorphism for any A- 
module M, and we shall characterize those A-modules for which o is a topological isomor- 
phism. The proof is in several steps, the first two of which are adapted from Kaplansky [5]. 
9.6 
Let M be a linearly compact m-separated A-module, N a submodule of finite length in 
M*. Then (ON)’ = N. 
Proof: By induction on n, the length of N. Consider first II = I. Then N 2 k.- If x E M, 
then w(x)(N is a character of N, hence x + w(x)1 N is a homomorphism .V + N* whose 
kernel is ON. It follows that M/ON is isomorphic to a submodule of N*. But N* 2 k since 
N 2 k. hence we must have M/ON z k (otherwise we should have M = ON and therefore 
N = 0). Hence (M/ON)* 2 k and therefore by (9.2) (ON)’ z k. But N c (ON)’ in any case, 
so that N = (ON)‘. Now suppose (9.6) is true for all submodules of length <n in M* 
(n > 1). Let N be a submodule of length IZ in MI. N has a submodule P of length 11 - 1, 
and by the inductive hypothesis (‘P)’ = P, hence by (9.2) (‘P)* g M*/P. If we identify 
(OP)* and M*/P by this isomorphism, the annihilator ‘(N/P) of N/P in ‘P is ON. Since 
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N/P is of length 1 and ‘P is linearly compact and m-separated (since ‘P is closed in M, by 
(9.1)), we have, by the case n = 1, (‘(N/P))’ = N/P. But (‘(N/P))” = (‘N)‘/P, hence (ON)’ 
= N. 
9.7 
If M is linearly compact and m-separated, then w(M) = IV+*. 
Proof. Let N be a Noetherian submodule of M*. M* is discrete by (9.4), hence N is 
discrete; also N is linearly compact by (7.3), hence Artinian by (5.3) and (5.4). So N is of 
finite length and therefore by (9.6) N = (ON)’ E (M/ON)* by (9.2). Hence by Matlis duality 
we have N* E M/ON. 
Let u E &I**; then uIN E N* and from what we have just proved it follows that there 
is an element xN of M such that o(x,)lN = u/N. Consider the cosets xN + ON of IU, 
as N runs through the Noetherian submodules of M*. These are closed cosets by (9.1), 
and they have the finite intersection property : for if NI, . . . , N,. are Noetherian submodules 
of M* then N, + . . . + N, is Noetherian, hence there is an element .Y of M such that 
o(s) agrees with u on N, +.. . + N,., i.e. x E fi (xlyi + ONi). 
i=l 
Since &f is linearly compact, it follows therefore that there is an element y of M such 
that J’ E _Y,~ + ON for all Noetherian submodules N of i&f*. Hence o(y) agrees with u on 
every Noetherian submodule of M*, hence w(y) = U. Hence o is an epimorphism. 
9.8 
For every A-module M, w(M) = M**. 
Proof. Let u E M**. ker u is open in M*, hence ker u 2 Co for some linearly compact 
m-separated submodule C of M. u induces a character of M*/C’, and M*/CO r C* by 
(9.2): hence u defines an element ti E C**, and therefore we have x = O-‘(U) E C (since 
w(c) = C** by (9.7)). Clearly o(x) = U, hence (9.8). 
9.9 
Let M be an A-module, N a closed submodule of M. Then w(N) = No’. 
ProoJ If x E N then clearly w(x) E No’. Conversely, any element of M** is of the form 
a(_~*) for some y E M, by (9.8); if y # N then by applying (5.6) to M/N we see that there is 
an element II of No such that u(y) + 0, hence o(y) $ No’. 
9.10 
for every A-module M, w : A4 -_, M** is an open isomorphism. 
Proof: Let U be an open submodule of M. M/U is discrete, hence by (9.2) U” is 
topologically isomorphic to (M/U)*, and therefore by (9.4) U” is linearlycompactand tn-sep- 
arated. Hence Uoo is open in IV**. But Voo = o(V) by (9.9), hence o is an open map; 
and Q is an isomorphism by (9.8). 
9.11 
Let ,u be an A-module, N a submodule of M. Then 
(a) N is closed in M if and only if o(N) is closed in M**; 
(b) h’ is linearly compact if and only if w(N) is linearly compact. 
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Proof. (a) Suppose N is closed inM. Then u(Nj = No0 by (9.9), hence is closed in M** 
by (9.1). Conversely suppose that o(N) is closed in M** and let .Y E M, x $ N. Then 
w(x) 6 o(N). Since o(N) is closed in M** there is a character c of M** such that 
t>(o(N)) = 0 and L:(o(.x)) $ 0, by (5.6) applied to M**/o(N). By (9.10) applied to M*, 
c is induced by some u E M*. If J E M we have t.(w(y)) = O(J))(U) = u(y), hence u(N) = 0 
and U(X) + 0. It follows that N Al ker u and x .$ ker U; ker u is closed, hence x 4 F7. 
Hence N is closed in M. 
(b) It follows from (a) that o transforms closed cosets into closed cosets in each 
direction, hence the result. 
9.12. Duality theorem 
The following statements are equivalent, for any A-module M: 
(i) o: M + M** is a topological isomorphism ; 
(ii) Every m-primary semi-discrete quotient of M is discrete; 
(iii) M = N* for some A-module N. 
Proof. (i) =z- (ii): Let M/N be an m-primary semi-discrete quotient of M; then in 
particular the zero submodule of M/N is closed, and therefore N is a closed submodule of M. 
Since M/N is semi-discrete, No is topologically isomorphic to (M/N)* by (9.2) and therefore 
is linearly compact by (9.3). Also since M/N is m-primary, (M/N)* is m-separated. Hence 
No is linearly compact and m-separated, hence No0 is open in M**. But N = w-l(Noo) 
by (9.9), so that N is open and therefore M/N discrete. 
(ii) + (i): Let U’ be an open submodule of M **, U = o-‘(Cl’). Every submodule P’ 
of M** which contains U’ is open and therefore closed, hence every submodule P = o-‘(P’) 
of M which contains U is closed by (9.11), and therefore M/U is semi-discrete. M**IU’ is 
discrete and therefore m-primary by (6.1), hence M/U is m-primary as well as semi-discrete, 
and therefore discrete by the hypothesis. Consequently U is open in M and so o is con- 
tinuous. By (9.10) it follows that o is a topological isomorphism. 
(i) * (iii):Take 1%’ = M*. 
(iii) = (i): N** -+ N is a continuous isomorphism by (9. lo), hence its transpose 0 : N* + 
N*** is a continuous isomorphism by (8.2). But 8 is open by (9.10), hence is a topological 
isomorphism. 
9.13 
An A-module M is locally lineari!, compact if M has a linearly compact submodule N 
such that M/N is linearly discrete. 
If M is locally linearly compact, then so is M*, and M --f M** is a topological iso- 
morphism. If M is linearly discrete (resp. linearly compact) then M* is linearly compact 
(resp. linearly discrete). 
Proqf We show first that if M is locally linearly compact then M satisfies the duality 
theorem (9.12). Let then P be a submodule of M such that M/P is semi-discrete and m- 
primary. Then P is closed in M. (N + P)/P is a continuous homomorphic image of N 
and therefore is linearly compact. Also (N + P)/P is a submodule of M/P, therefore is semi- 
discrete and m-primary. Hence (N + P)/P is Artinian by (5.3), hence discrete by (3.10). 
consequently P is open in N + P. 
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Consider M/(N + P). It is a continuous homomorphic image of M/P, hence is m-pri- 
mary; and it is a continuous homomorphic image of M/N, hence is linearly discrete by (6.5). 
Hence by (6.1) M/(N + P) is discrete and consequently N + P is open in M. It follows 
that P is open in iW, so that M/P is discrete and hence by (9.12) w : M + M** is a topo- 
logical isomorphism. 
If M is linearly discrete, M* is linearly compact by (9.3). 
If M is linearly compact then by (5.5) M is an inverse limit of Artinian A-modules, say 
M = @n Mi, where each Mi is Artinian. By Matlis duality Ni = My is Noetherian, and 
therefore linearly discrete by (7.3) and NT z Mi. 
Hence M s l@ NT z (15 Ni)* by (8.9) = N* say, where N = 15 Ni is linearly 
discrete by (6.7). Hence M* 1 N ** N N by the first part of (9.13), and therefore M* is _ 
linearly discrete. 
Finally we have to show that if M is locally linearly compact, then so is M*. Let N be 
a hnearly compact submodule of M such that M/N is linearly discrete. Then by (9.2) No 
is topologically isomorphic to (M/N)*, hence is linearly compact by (9.3), and M*/N” is 
topologically isomorphic to N*, by (9.2) again, and is therefore linearly discrete. ‘This shows 
that M* is locally linearly compact, and completes the proof of (9.13). 
9.14 
If {Mi} is a family of linearly compact A-modules, we have topological isomorphisms 
For by (9.13), My is linearly discrete, hence by (8.7) (@Mr)* r IIM:* z llM*. It follows 
that (nMi)* s (@My)** g @My by (9.13), since @MT is linearly discrete. Similarly for 
the other isomorphism. 
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